Manuscript received 2 July 1999, revised 2 February 2000 ABSTRACT. -We consider the problem where 1 p (N + 2) / (N -2) q. We prove that if q is fixed and we let p approach (N + 2) / (N -2) from below, then this problem has a large number of radial solutions. A similar fact takes place if we fix p > N/ (N -2) and then let q approach (N + 2) / (N -2). If we fix q and then let p be close enough to N/ (N - 2) ( 1.1 ) . It is natural to search for radially symmetric ground states u = of (1.1), so that u (r) satisfies the ordinary differential equation
Here we have denoted u + = In the case of a nonlinearity constituted by a pure power, namely p = q in (1.1), the role of the critical exponent in the problem of existence of positive ground states is well understood. If p (N + 2) / (N -2), no positive solutions exist, see [5] , while if p = (N + 2) / (N -2) all positive solutions are necessarily radial around some point, see [6] . At this exponent, as well as for p > (N + 2) / (N -2), radial ground states are constituted by a one-parameter family of functions. More precisely, for every a > 0, the solution u (r) of the initial value problem (1.4) 1 We also notice that in case (1.3) , it follows from a result in [4] Lin and Ni in [10] . If p and q satisfy (1.3) In order to state our main results concerning this question, we need some definitions. A positive solution u (r) of (1.4) Our task is therefore equivalent to finding a solution x(t) = (x(t), y(t), z(t)) of this system, with z(t) > 0, such that x(t) ~ 0 as t -~ while (x (t), y (t)) -~ (0, 0) as t -~ +oo.
We observe that the plane z = 0 is invariant under the flow associated to system (2.3 This transformation corresponds to using the exponent p instead of q in the Emden-Fowler transformation (2.1 ), which is expected to reflect better the behavior of a ground state at infinity. In fact, the effect of this transformation is to "blow-up" the "singularity" ( have that a subsequence of x (t + which converges uniformly over compacts to a bounded, positive solution x of (2.6) such that x' (o) 0, ~81 ~ ~q -1 ~ / 2. However, phase plane analysis again yields that no such solution exists. Hence x (t) -~ 0 as t --oo which in turn yields also x' (t) -~ 0 using the second order equation, so that x(t) -~ Oo as t -+ -00. We conclude that this trajectory then lies in W(0o), and the proof of the first assertion of the lemma is complete.
The proof of the second assertion is very similar. We claim that there is a number a > 0 with u' (r) C 0 for all r > a. Indeed, assume the oppoite, namely that there is a sequence rn 2014~ +00 with u' (rn ) > Let us consider first the situation described in Theorem 1.1. We fix a number q with q > (N + 2) / (N -2). In view of Proposition 1.1 it is sufficient to establish that, given k > 1, there is a number pk (N + 2) / (N -2) such that for pk p (N + 2) / (N -2) there exist solutions of (1.4) u and u2 with u positive in (0, R1) and U2 positive in (R2, oo) with the property that u 1 -U2 is not identically zero and has at least 2k ~-1 zeros. To do this, we establish first the following fact. (ii) x(t) defined by transformation (2.4) is uniformly bounded and remains away from zero as t -~ oo.
Proof. -Consider such a trajectory and let x (t) be defined by the transformation (2.4), for this q and for p = (N + 2) / (N -2). Then x satisfies the second order equation
Assume that x vanishes at a first point t = T. Observe that x (t) = Ce + o(e) as t -oo for some C > 0. Integrating Eq. (4.1) between -o~o and T, after multiplying by x' we obtain 573 R. BAMON ET AL. / Ann. Inst. Henri Poincare 17 (2000) 551-581 1 so that after integration by parts we obtain and this is a contradiction, unless x = 0. This proves the first assertion. For the second assertion, let us assume that there is a sequence tn -~ +00 so that x (tn ) 2014~ 0. Now one gets the identity Letting n 2014~ oo we obtain that hence x = 0, a contradiction. Observe that a similar identity also shows that x is also uniformly bounded. D Let x* (t) be the only trajectory of (2.3) with z-component eYt whose orbit coincides with WS(Poo).
Consider also any (fixed) trajectory x(t) in which does not coincide with x* (t) . Let x* (t) and x(t) be their respective first coordinates in the transformation (2.4). We claim that x -x* has an infinite number of zeros. In fact, let tn be any sequence with tn -~ +00. Let us set xn (t) = x(tn + t). (6.2) , and hence the assertion of the theorem in its part (a) holds. The proof of part (b) of the theorem is analogous. D
